Let 9-be a (finite or infinite) family of multigraphs. We assume that every F ~ 9-has at least one edge. Let Forb(~ ~-) denote the class of q-multigraphs which contain no F ~ 9-as a subgraph (not necessarily induced). Denote by ex(n, 9-) the maximum number of edges (counting their multiplicities) in a multigraph on n vertices from the class Forb(~q-).
Since the ratio ex(n, J)/(~) does not increase when n increases, there exists the limit ex(n, -r(J) = lira
The Turfin problem is to determine ex(n, Y) for every n. This problem is very hard, thus its asymptotic version, to determine ~-(Y), is usually considered.
If q--1 (simple graphs) then ~'(~) can be described in terms of chromatic numbers of graphs F ~ Y. If X = X(3-) = min{x(F): F ~ ~} then Forb(~) clearly contains arbitrarily large complete (X -1)-partite graphs whose density is 1 -1/( x -1)-o(1) as the size of the color classes tends to infinity. Hence ~-(~) > 1 -1/(X -1). It was proven in [6] that the opposite inequality holds as well and thus ~'(Y) = 1 -1/( X -1) (cf. [5] ). This implies that the set of all possible values r is {1 -1/n, n = 1, 2,... } U {1}. For q > 2, determining ~'(~) is much more complicated.
A multigraph G can be represented by its adjacency matrix A = [asj] , where aij equals the number of edges which join v i and vj. We define
ij One may show that A(G) is always a rational number. The function A was introduced in [8] for graphs, and was extended for multigraphs and hypergraphs in [1-3, 7, 10, 11] . This function is a convenient tool when we want to investigate the set Tq of all possible values ~'(9-), where ~-is a family of q-multigraphs.
Let Lq be the set of all possible values of A(G) where G is a q-multigraph, and Lq p be the set of limits of all non-decreasing sequences with elements in Lq. The following theorem gives a description of the set Tq in terms of A(G):
It was conjectured in [1] [2] [3] that the set Lq is well-ordered (under the usual ordering of reals) for every q > 1. This is known as the jumping constant conjecture. Namely, a real o~ is a jump if there exists/3 > o~ such that k(G) > a implies k(G) >/~. So the well-ordering means that every real number is a jump. This conjecture was verified for q = 2 in [3, 11] . In this case, finite algorithmic procedures were found for determining r(Y) for any given ~.
In the present work, we disprove the conjecture by showing that for q-multigraphs with q _> 4, there are infinitely many o~ ~ [3, q] which are not jumps. The analogous conjecture for hypergraphs was disproven earlier in [7] . Another related work is [11] , where it was shown that for every q > 3, there are infinitely many q-multigraphs G having the same value of k: 3.(G) = q -1. Our disproof of the jumping constant conjecture for multigraphs combines the main ideas of both papers. The crucial step to complete the disproof is provided by Theorem 2.2, where a distance representation of trees in an Euclidean space is constructed.
It was also conjectured in [1] [2] [3] that any infinite family g of q-multigraphs contains a finite subfamily 9-' such that ~-(5~) = ~-(Y'). This can be expressed in terms of Lq as follows: For q >_ 4, the statement (i) will be disproved in the next section. Thus the compactness property does not hold and the set Tq also is not well-ordered.
By the "Transfer Principle" of [2, Lemma 4], our results imply that statements (i)-(iii) also do not hold for oriented q-multigraphs with q > 2.
MAIN RESULTS
In this section, we list our main results. Proofs appear in Section 3. As noted in [11] , k(G) can be interpreted geometrically on the basis of Schoenberg's theorem [9] . We use this interpretation as one of our main tools (for more details, see [11] ). We call a simple graph a p-tree if one is a tree where at most one vertex has degree p + 1 and the degrees of all others are at most p. If G is a simple graph, denote by G p a multigraph on the same vertices such that any two vertices are joined in G p by p + 1 or p edges depending on whether they are joined in G.
Consider 
. If 3 < p < q, then for any p-tree T, the inequality A(T p) < p holds.
We note that the requirement p >_ 3 is essential. In particular, let T m be a combination of 3 paths of length m (i.e., with m edges each) having a common endpoint. This is a 2-tree. However, A(T 2) = 2~6.
It was shown in [11] that the equality A(G p) =p holds for any connected regular graph G of degree p. We are going to construct infinite series of graphs G n with the property A(G~) > p, liminf,_~= A(G~) =p by choosing G n to be a slight modification of a regular graph without short cycles. For example, let each of G,, G,, . . . , G, consist of one vertex, so h(G,) = h(G,) = . . . = h(G,) = 0. Then Theorem 2.7 and Corollary 2.8 imply that t (1 -l/(1 + t/(t -p>)> is not a jump for q-multigraphs with anyIandany3<p<t<q.
We note that all discovered non-jump values (Y satisfy (Y 2 3. Theorem 1.2 and Lemma 2.6 also yield For a multigraph G, we denote by v(G) and e(G), respectively, the number of its vertices and the number of edges (which are counted with their multiplicities). A multigraph is called dense if for any induced subgraph G' 4= G, the strict inequality A(G') < A(G) holds. As A(G') < A(G) for any subgraph G' of G, one can always find a subgraph G' which is dense and satisfies a(G') = a(G); we name G' a maximal dense subgraph (we do not claim that one is unique). If G is dense, its maximal dense subgraph is itself. The following result will be used in the proof of Theorem 2.5.
LEMMA 3.1 ([1, Lemma 1]). If a multigraph G is dense, any two of its vertices are joined by at least one edge.
Let G be a multigraph with vertices Vl, u2,..., U n and adjacency matrix [aifl. We denote by G (N 1, N; .. 
We modify Y to a family J' by replacing every F ~ 9-with its maximal dense subgraph. Clearly, 9-' is finite, and A(F) > a for every F ~ g'. All multigraphs from Y' are dense, and every multigraph with k vertices and 
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We note that
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We also note that ai; = t whenever i ~ I k, j ~ I m, k :/: m. Thus 
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